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ELASTIC ANISOTROPIC MATERIAL
WITH PURELY LONGITUDINAL AND TRANSVERSE WAVES

N. I. Ostrosablin UDC 539.3:517.958

The simplest form of the matriz of elasticity moduli of an anisotropic material conducting purely lon-
gitudinal and transverse waves with an arbitrary direction of the wave normal is obtained. A generic
solution of equations in displacements is represented in terms of three functions satisfying indepen-
dent wave equations. In the case of planar deformation, this solution yields a complex representation
coinciding with the Kolosov—Muskhelishvili formulas for an isotropic material. The formulas in the
present work also determine an anisotropic material with Young’s modulus identical for all direc-
tions, as in an isotropic medium.
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Explicit formulas for anisotropic materials conducting purely longitudinal and transverse waves with an
arbitrary direction of the wave normal were derived in [1, 2]; the existence of similar media was later noted in [3-5].

The fourth-rank tensor of Young’s moduli A;jii = Ajiw = Axu; admits decomposition into a constant
(isotropic) term and terms containing two deviators and a nonor and corresponding to irreducible linear representa-
tions of the orthogonal group of transformations of the coordinate system x1, 3, 3 [6-9]. The following expansion
is proposed in [7, 9]:

Aijrr = H(8;0k1 + 205551) /3 + 2h(6:50k1 — 0ijk1)/3
+ (Hij6r + Hriij + Hidyy + Hijir + Hidji + Hjrdi)/6

+(hij0rr + hirdiz) /3 — (hikdyj + hij0i + hirdjn + hjrdir) /6 + Nijr.- (1)

Here 5ijkl = (6ik5lj +5il5jk)/2 and 57;j =1fori= j or 5ij =0 for ¢ 7& j The sum of terms with H, Hij, and Nijkl is
the symmetric part A;;r;) = (Aijrr + Airij + Airjr) /3, and the sum of terms with h and h;; is the asymmetric part
Aijrr — Agijrny = (2Aijk — Airty — Aijr)/3. The tensor Nyjry = N iy is a nonor, and H;; = H;j) and hi; = hj)
are deviators, i.e., Ny = 0, H;; = 0, and h;; = 0. Summation is performed over repeated subscripts, and the
subscripts in parentheses denote symmetric functions. All terms of expansion (1) are mutually orthogonal.

The terms A;;i; being defined, all the quantities in the right side of Eq. (1) are uniquely determined, and
vice versa, using Eq. (1), one can define A;;i; via two constants H and h, five independent components H;;, five
independent components h;;, and nine independent components of the nonor Ny [7, 9]. The constant tensor in
Eq. (1) is written in the traditional form as

H((SZJCSM + 25@']’1@[)/3 + 2h(5ij5kl — 5ijkl)/3 = Mijékl + 2/151;]'“,
where

A= (H + 2h)/3 = (2Aiikk - Aikki)/15a h=\-—pu,

2/1 = 2(H — h)/?) = (3Azkk1 - A”kk)/].f), H=)\ + 2[1.

The constants A\ and p correspond to the Lamé constants for an isotropic material.
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Using the formulas for passing from two subscripts to one,

hi1 = hq, hoo = ha, hss = hs,

V2ha3 = V2h3zs = hy, V2hi3 = V2h3 = hs, V2hi3 = V2hy1 = he,

we write expansion (1) as the sum of the matrices

3 0
1 3 sym 1 0 sym
A..—E 1 1 3 +% 1 1 0
Y7310 0 0 2 3100 0 —1
00 0 O 2 0 0 0 O -1
00 0 0 O 2 0 0 0 O 0 -1
6H,
—H3 6H2 Sym
- —Hy —H; 6H;3
H, 3H, 3H, —-2H;
3Hs Hs 3Hs +2Hs —2H,
3Hs 3H¢ Hs +2Hs +2H,; —2H;
0
—hs 0 sym
—hy —h1 O
T3l 0 0 m
0 hy 0 —hg/V2 he
0 0 he —hs/V2 —hi/V2 hs
Ny
Nay Ny sym
N. N. N.
n 31 32 33 2)

Ny Ny Nyz o 2N3o
Nsi Ns2 Ns3 V2Ng3  2N3;
Ne1 Ne2 Nes V2Ns2 2Ny 2Ny

Here we have Hy + Hy + H3 =0, hy + hy + h3 = 0, and
Ni1 + N1 + N3p =0, Nyi + Nag + Nyg =0,

Noi + Nag + N33 =0, Ns1 + N5z + N5z = 0,

N31 + N3p + N33 =0, Ng1 + Ng2 + Ngz = 0.

The equations of the elasticity theory with arbitrary anisotropy and neglected bulk forces have the following
form in the Cartesian rectangular coordinates x1, x2, 3 [1, 2]:

Liju; =0, Lij = Lj; = Aj(x1)jOkt — p0ijOaa- (3)

Here u; is the displacement vectors, A;y; = (Airij + Aurj)/2, p is the constant density of the material, Jy is the
derivative with respect to the coordinate x, and d, is the derivative with respect to time x4 = t.

If differential operators T and D = diag (D1, D2, D3) with constant coefficients, such that LT = TD
(IT| # 0), are found for operators (3), the generic solution of Egs. (3) has the form [1, 2]

u=T¢, Dé=f, Tf=0. (4)
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The matrix of elasticity moduli was obtained in [1, 2] (see also [10])

A
A1 — Asgs An sym
| A —Ass A — Ay An
Aq,] - A41 O O A44 ) (5)
0 Aso 0 —As/V2 Ass
0 0 Ass —As2/V2 —An/V2 Ass

where

Agy = —2v2beyes, Aus = 2(a — bei),
Agy = —2\/§bc163, Ass =2(a — bc%),

A63 = —2\/5()6162, A66 = 2(& — bc%)
In this case, the operators T" and D are

T = [aj7 Ejmncmana Cjakk: - Cmamj}; (6)

Dy = A110kk — pOaa, Do = [(a — bemCm)dii + ber )0k — pOsa, D3 = aOki — pOaa. (7)

Here €y, are the Levi-Civita symbols, A1, a, b, c1, c2, and c3 are arbitrary parameters such that matrix (5) is
positively determined, and c¢; is a nonzero vector.

By substituting ny for 9y and |v|?> = v;v; (v; = |v|n;) for du4, we find from Eq. (7) the phase velocities
corresponding to the wave normal ny:

plvlf = Aringni = Any, plv|3 = angny = a,

(8)

plv|3 = [(@ — bemCm O + bepcneng = a — bepcm + bepcngn,.

It follows from (6) that formulas (5)—(8) define a medium with purely longitudinal and purely transverse waves
[11] with an arbitrary direction of the wave normal nj. In experiments with longitudinal waves, the material
corresponding to matrix (5) cannot be distinguished from an isotropic material [3-5].

Using expansion (1), we find conditions for propagation of purely longitudinal waves in a material. From
(1), we obtain

AiikiOjkt = (N 4+ 2) Ok + (Hin Ot + HraOint) /2 + NijriOji

= O;[(A +20) Ok + Hy1Or1 /2] + (HijOki/2 + Nijit)Ojki-
It follows from here that, for a purely longitudinal wave to exist, the following condition should be satisfied:
(Hij0ki/2 + Nijri)Ojki = 03 BriOri = i BriOj
or
(Hij0ki/2 + Nijii — 6 Bri)Oji = 0. ©))
Here By, = By are quantities unknown at the moment. Relation (9) is valid if
Nijrt = 0i(;Brry — Hi(j0k1)/2 = [64j B + dix Bij + 6aBjx — (Hijom + Hindyj + Hydjx)/2]/3. (10)
Taking into account the nonor and deviator properties, we obtain from Eq. (10)

Niiky = (5B — Hyy)/3 =0, By = Hy /5,

Nijir = [(0iHp + 0 Hyj + 05 Hjx) /5 — (Hij0w + Hirdyj + Hidjx)/2]/3,  Nijrr = —7H;;/10 = 0.

Hence, propagation of purely longitudinal waves with an arbitrary direction of the wave normal nj in an anisotropic
material is possible if H;; = 0 and N;;p; = 0 in Eq. (1).
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The deviator h;; does not affect the longitudinal wave. Since h;; is a deviator and (1) [or (2)] is an invariant
expansion, we can assume that the coordinate system is the basic one for h;j, i.e., hy = hs = hg = 0, and Eq. (2)
takes the form

A2
A—hs/3  A+2u sym
o )\—h2/3 /\—]’Ll/g )\—|-2,u
Aij = 0 0 0 2u+ hy/3 ’ (11)
0 0 0 0 2u+ hae/3
0 0 0 0 0 2p+ h3/3

h1+h2+h3:0.

Expression (11) is the simplest form of the matrix of elasticity moduli of a material in which propagation of purely
longitudinal waves with an arbitrary direction of the wave normal nj is possible.
Comparing (2), (5), (11), for matrix (5) we find

A= A1 —2(a—beges/3),  2p = 2(a — beges/3);

hij = 2b(cscs(5¢j - 3CZ'Cj). (].2)

It follows from (12) that c; is an eigenvector of the deviator h;;, and its eigenvalues are hy = ho = 2bcsc, and
hs = —4bcsc,s. This vector can be considered as a unit vector (cscs = 1); in the basic axes, we have ¢; = §;3.
Matrix (5) takes the form

All
A11 — 2((1 - b) A11 sym
A — A11 — 2a A11 —2a All
v 0 0 0 2a
0 0 0 0 2a
0 0 0 0 0 2a-—0b)
All
A21 All sym
Az Az An
Sl o 0 0 Ap- Ay ! (13)
0 0 0 0 A11 — A31
0 0 0 0 0 All — A21

where 2a = A;; — Az; and 2b = Ay — Az;. Obviously, matrix (13) corresponds to a particular case of a transversely
isotropic material [11, 12]. The eigen moduli of elasticity p; > 0 and the orthogonal eigen states ¢;, and t;,tiq = dpq
for Eq. (13) are as follows [12]:

p1o = (2411 + Aoy £+ 1/ A3, +843,)/2 = [3411 — 2(a — b) + /(A1 — 2(a — )2 + 8(A11 —2a)2]/2,  (14)

ps = pe = A1n — Az = 2(a —b), pa = ps = A1 — Az = 2q;

cosa/v2 —sina/vV2 1/v/2 0 0 0

cosa/y/2 —sina/v2 —1/y/2 0 0 0

P sin av cos o 0 0 00
L 0 0 0 10 0|’

0 0 0 010

0 0 0 0 0 1

tan 2o = 2\/51431/1421 = 2\/5(/111 — 20,)/(1411 — 2((1 — b))
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O"\‘\‘\‘\‘\
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' —0.25 [
~1.0 —0.50
Fig. 1 Fig. 2

The expressions for the matrix A;; and the inverse matrix of compliance coefficients a;; = Ai_j1 in terms of eigen
moduli and states have the following form:

Aij = pitintjn + patiotjo + pa(tistjs 4 tistje) + pa(tiatja + tistss),

aij = titj1 /1 + tiotja/ o + (tistjs + tistie) /s + (tiatja + tistjs)/ pa-

For matrix (13) to be positively determined, the necessary and sufficient condition is the positive values of
the eigen moduli: ug > 0, us > 0, and pg > 0. With allowance for (14), we obtain inequalities providing positive
determinacy of matrix (13):

g1 = 2(A31/A11)2 —-1< Agl/All < 1, —-1< A31/A11 < 1; (15)

g2 = (a/All)(4a/A11 — 3) < b/A11 < Q/All, 0< CL/A11 < 1. (16)

The ranges of admissible values of the parameters of Egs. (15) and (16) are shown in Figs. 1 and 2, respectively.
An isotropic material is described by the lines Ag; = A3y (Fig. 1) and b = 0 (Fig. 2).
The inverse matrix a;; for (13) can be obtained directly (without using eigen moduli and states):

(A}, — A3))/A

—(A11A21 — A%l)/A ail Sym
0o — | ~Asi(An = An) /A as (Af - 43,)/A (17)
*J 0 0 0 (A11 — Agl)il ’
0 0 0 0 Q44
0 0 0 0 0 (All — A21)71

A= (A1 — Ag1)[A11(Arr + Agp) — 243,] > 0.

Obviously, matrix (17) corresponds to a transversely isotropic material, but the matrix structure does not coincide

with (13).
For material (13), matrices (3) and (6) acquire the form
Lii Lai La
L= Lo Ly Ls |,
L31 L3z Lss

Liy = (A +2u)011 + (1 — 2b/3)0a2 + (1 + b/3) 033 — pOaa,
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Alu

/\/,u,:gg

0.5

Fig. 3

Loy = (A4 p+ 2b/3)01, Los = (11— 2b/3)011 + (A + 24)O22 + (4 b/3)033 — pOaa,
L31 = ()\ + Hm— b/3)831, L32 = (/\ + o — b/3)632, (18)
Lz = (u+b/3)(011 + 022) + (A + 211) 033 — pOa,

O —0s —013
T=1|0 6 —0a3 )
03 0  On+0x

where
A1 = A+ 24, a—b=p—2b/3, a=pu+b/3,
(19)
All—(a—b):)\+u+2b/3, All—a:)\—l—u—b/B
Operators (18) obey the relation LT = T'D, where D = diag (D1, D2, D3) is determined by formulas (7).
The phase velocities (8) with allowance for (19) are

ploli =X+2u,  pluf=p—20/3+bn3,  plvfi=p+b/3.

It follows from here that two velocities are independent of the direction of the wave normal nj; and one velocity
depends on the component nz. The extreme values of the velocity p|v|3 are a —b = p — 2b/3 and a = p + b/3. If
b < 0, then we have 0 < a < p|v]2 < a—b < Ayy. If b >0, then 0 < a —b < plv|3 < a < Ay;. The conditions of
positive determinacy of (15) and (16) expressed via the parameters A, u, and b have the form

20 . 1 < A 3 < b < 3 (20)
9 20/u+3 2 o2

The range of admissible values of the parameters of Eq. (20) is the set of all points above the curve A\/u = g3 in
Fig. 3. The constant A can be negative. For an isotropic material, we have b = 0 and —2/3 < \/p.

With allowance for (7), (18), and (19), we write the generic solution (4) of Egs. (3):

gs

uy = 0191 — O2¢p2 — D133, Uz = Oopy + 012 — D233,  uz = O3¢1 + (011 + O22)P3; (21)
[N+ 24) O — pOaalpr = f1,
(22)
(1 —2b/3)Okk + bO33 — pOaalpa = f2, [(1+b/3)Okk — pOua]dps = f3;
O1fi —0afa —0O13f3 =0, Oof1 +01fo —Oa3fzs =0, 0sf1+ (011 + 022)f3 =0. (23)
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In turn, the generic solution of system (23) can be represented as

f1 = (011 + 022) (0191 + O2tb2) + O3tbs,  fo = Oki(—0at01 + O12),  f3 = —05(01¢1 + D2tb2) + 3,
Ok (O11 + O22)Y1 =0, Ok (011 + 022)¢2 = 0, Okrtps = 0.

A particular case of solutions (21), (22) for an isotropic material with the functions fi, fo, and f3 being neglected
is described in [13].

We consider the case of planar deformation for which uz = 0 and 93 = 0. Then, instead of (18) and (21)—(23),
we obtain

()\ + 2/1,)811 + (M - 2b/3)622 — p844 ()\ + @+ 2()/3)812

L - )
(A4 1 +2b/3)02 (1t —2b/3)011 + (A + 211) 022 — pOaa

_| 9 -0 —TD.
T{% o ], LT =TD;

uyp = 0191 — 9202, up = Oap1 + 0192,
[N+ 2u) (011 + Da2) — pad)dr = fi, (1 —2b/3)(011 + O22) — pOua]p2 = fo, (24)

O1f1 — O2f2 =0, O2f1 + O1fa = 0.
The following formulas are known [14]:
0, = (1/2)(61 — iag), 0z = (1/2)(81 + iag), z =T+ 1T2, i =+v-1. (25)

The last two equations of (24) are the Cauchy—Riemann conditions for the analytical function ¢} (z) = f1+if2 (the
prime denotes the derivative with respect to z):

0z¢1(2) = (1/2)(01 +i02)(f1 +if2) = (1/2)(O1fr — O2f2) + (i/2)(02f1 + 01 f2) = 0.
With allowance for (25), formulas (24) are written as

ur + tug = 205 (1 + ia); (26)

2[(A +2) (011 + B22) — pOaalpr = #1(2) + 1 (2),

2i[(1n — 2b/3) (011 + O22) — pOaa|d2 = ¢ (2) — ¥ (2).

Under static conditions, we have 94 = 0; since 911 + J29 = 49,05, we obtain

2(A +20)40:0:1 = ¢ (2) + ¢ (2),  2i(p — 20/3)40:0:02 = ¥} (2) — ¥ (2).
The last relations yield

2(p1 +ig2) = [201(2) + 201(2) + 1h1(2) + 11(2)]/[4(A + 2)] + [Z01(2) — 2001(2) + h2(2) — ¥2(2)]/[4(1 — 2b/3)].
Here 1 (z) and 2(z) are new analytical functions, which appeared due to integration. Using formula (26), we find

A+ 3 — 2b/3
4N+ 2u)(p —2b/3

1 T 1 T
m P1(2) — m V5 (2). (27)

uy + duy = 20z(p1 +ig2) =

) ¢1(2)

A+ +2b/3 ;
T A0t 2w 2y3) T

We denote
A+ i+ 2b/3 B 1 —
10t 20— 23 I =P gy ) T g ) Y
then Eq. (27) takes the form

uy +iug = ap(z) — 2¢'(2) — P(2), (28)
where
3An—An Apnta—-b  3(A+3p)—2b
O An+ Ay A —(a—b)  3(A4p)+2b°
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Expression (28) corresponds to the Kolosov—Muskhelishvili formula [14] and, for b = 0, is a representation
of displacements for an isotropic material; thereby, a&& = (A + 3u)/(A 4+ p) = 3 — 4v (v is Poisson’s ratio). Thus,
representation (28) of displacements in terms of analytical functions is valid for a transversely isotropic material
corresponding to matrix (13) in the case of planar deformation. Therefore, all methods of functions of the complex
variable, developed for an isotropic material [14], are also applicable in this case. In addition, solution (24) can
be directly used in considering boundary-value problems and the generic representation (21)—(23) can be used in
spatial problems.

There exist real elastic media close to a material with matrix (13) of elasticity moduli; for instance, for some
ceramic materials [15], the parameter « [13] is roughly equal to unity:

o — Asa/2+ Az Asz — Aw/2 1
Ann — Aga/2 Au/2+ Asn

Note also, if the matrix a;; of compliance coefficients of an anisotropic material has the structure of the form
(5), (11), (13), then Young’s modulus 1/E,, = n;n;a;;jpnen; in the direction n; is independent of n; and is identical
for all directions: 1/F,, = a1, as in an isotropic material (see also [4]).

This work was supported by the Russian Foundation for Fundamental Research (Grant Nos. 02-01-00649
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